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the groups consisting of shots 1-10 and 31-40. The latter
group was chosen in the range where performance was es-
sentially constant.

Molybdenum and stainless-steel electrode materials were
selected for the erosion investigation, since their performance
represented the extremes for materials previously considered.
Molybdenum captured on the filter paper was prepared by
destroying the paper with nitric and perchloric acids and
evaporating the resulting solution to dryness. The salts were
then dissolved in dilute perchloric acid. One-fifth of the sam-
ple solution was reserved for the determination of silver, the
propellant material, whereas the remainder of the solution
was used for the photometric determination of the mass of
molybdenum.

The low concentrations of the constituent elements (iron,
chromium, and nickel) of Stainless Steel No. 304 necessitated
the development of a new method? for the mass determina-
tion. The sample was prepared with nitric and perchloric
acid as In the case of molybdenum. The silver present was
then precipitated as the chloride and removed by filtration.
The sample was then deposited as a spot on chromatographic

Table 1 Summary of electrode erosion measurements

Stainless-steel
Molybdenum elec- electrodes, ug Fe,

Sample designation trodes, ug Mo Ni, and Cr
Shots 1-10 61.5 16.8
Shots 31-40 25.4 5.1

paper using the ring oven technique. A series of standard
spots was prepared by using a standard sclution of National
Bureau of Standards (NBS) Steel 101E, which correspends to
Stainless Steel No. 304. The standard spots were used to
provide the calibration curve for the x-ray flucrescence
method, and the amounts of iron, chromium, and nickel in
the unknown were determined after measuring their x-ray
fluorescence intensity.

The portions of the various samples reserved for determina-
tion of silver were evaporated to dryness. The mass of silver
present was determined by a novel polarographic method de-
veloped by Cave and Hume.? The silver on the stainless-
steel electrodes was removed with dilute nitric acid, and the
mass determined polarographically. The mass of silver on
the- molybdenum electrodes could not be determined because
of unexplained difficulty with the polarographic method.

The results of the measurements are summarized in Table
1. A typical example of results obtained with molybdenum
electrodes during the first ten shots indicates eroded mass
equal to 5.2, of the initial propellant mass. Discharge con-
ditioning of the electrodes results in further reduction of the
erosion, which approaches a value equal to 29, of the initial
propellant mass. Erosion is still further reduced in the case
of the stainless-steel electrodes, amounting to only 0.49, of
the propellant mass with conditioned electrodes, although
the over-all performance of this material was considerably be-
low that of molybdenum from the standpoint of momentum
production. The inferior performance of the stainless-steel
electrodes was probably due to their relatively high resistivity.

A check on the validity of the present measurements was
provided by measuring the silver propellant, the initial mass
of which was known. Significantly, over 979, of this mass
was accounted for by the measurement techniques. A fur-
ther check in the case of stainless-steel electrodes was pro-
vided by comparing the percentages of constituent elements

of the sample to the specification for AISI (American Iron and .

Steel Institute) type 304 stainless steel.  These percentages
were found to fall within the specified limits. The standard
deviation was 109, for the stainless-steel analysis and 2%,
for the molybdenum determination. On these bases the
measurements are accepted with a high degree of confidence.
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Heating of the Cavity Inside a Spherical
Shell Satellite

J. E. PEYTHIAN*
Makerere University College,
Kampala, Uganda, East Africa

Introduction

HE satellite considered herein consists of a conducting

spherical shell containing inside an ideal gas. It is the
purpose of this paper to determine the temperature dis-
tribution both in the spherical shell and in the cavity under
the boundary condition of a given heat flux applied to the
outer surface. This heat flux (6, t) may vary both with
time and spherical coordinate 6. Two possible boundary
conditions at the inner surface of the shell are considered:
1) the amount of heat radiated from the inner surface to the
enclosed gas is proportional to the temperature gradient, and
2) the temperature at the inner surface, and also of the en-
closed gas, is a prescribed function G(, £) of ¢ and 6.

An asymptotic solution valid for small time has been
obtained for the first problem. The solution to the second
problem converges more rapidly than Warren’s solution
particularly near the inner boundary and for small times.

No account has been taken of the temperature variation
of the thermal parameters of the material of the shell. The
solutions given hold for both an aerodynamic or radiation
heat flux, @(6, t) (with ¢-wise symmetry). This work can be
readily extended to the case with ¢-wise heat flux variations.

Radiation Law at the Inner Surface
Boundary conditions

We assume that the heat flux applied to the outer surface of
the shell, which we denote by @.(6, ) heat units per unit time
per unit surface area, can be expanded as a Fourier-Legendre
series:

%10{’—0 = Q4,1 = nz:‘o gn@)Pu( cosh) for t >0 (1)
This series may be finite (if ¢, = 0 for n 3 Ny) or infinite;
P.( cosf) is the standard Legendre polynomial of degree n
and argument cosf(= w), and K is the thermal conductivity.
The boundary condition on the outer surface r = ¢ then be-
comes

T -
[%?L = Q6,9 = Z‘o () Pn(w) @)

where T'(r, 6, t) denotes the temperature in spherical polar
coordinates (r, 8, ¢) whose origin coincides with the center
of the spherical shell. At the inner surface r = b(< a), we
assume that the radiation condition can be expressed in the
Newtonian form
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where T; = T.:(t) is the uniform temperature of the gas
enclosed by the shell and H is a constant. The heat balance
equation for the enclosed gas in the region 0 < r < b is as-

sumed to be
oT oT;

where S is a constant (abpc./3K in a usual notation).
We shall also assume that the initial conditions are

T(r, 6,0) =0 = T:(0)att =0 ®)

Solution for the temperature
In spherical polar coordinates (r, 6, ¢), the heat conduction
equation with ¢-wise symmetry is
T | 20T 1 o (. ,oT 1
o " ror ' r2sing 0@ <sm0 > Tk ©

where % is the thermal diffusivity. Let T, g. be the Laplace
transforms of 7', ¢», then

T — T, 6, p) = fo TenT(r, 6, dt = (T} (T

and the general solution for T from (6) and (7) is
T = Y {Adn(gr) + Buma(gr)} Pa( cost) &)
n=0

where 1,(¢gr) and m.(gr) are spherical modified Bessel func-
tions satisfying the equation

r2dy/drt -+ 2rdy/dr — {n(n + 1) + ¢¥r?ly =0 (9)
Note that

Lo 12(qr) Koy 1)2(qr)
(qr)l/Z (qr) 1/2

where I, and K, are the modified Bessel functions of the first
and second kinds? of order » and also p = ¢%.
The transform of boundary condition (2) is satisfied if

7(p) = q{Anin'(qa) + B.m.'(qa)} (11)

where a bar denotes differentiation with respect to, the com-
plete argument, viz.,

ta(gr) = ma(gr) = (10)

ey dlia(ga)}
Tn (qa) - d(qa) (12)
Boundary conditions (3-5) lead to
- H {T} s
eiry =T = AT Sp (13)

and, in terms of T alone, the boundary condition at the inner
surface becomes
O_T _H SpT
or H+ Sp

This boundary condition (14), together with (11), is used to
determine the values of 4. and B, and hence the solution, i.e.,

q;" L"(Q; 7 b) + AM"(Q: b} T)} (15)
¢ \Nx(g, a, b) + ALa(g, b, a)

forr =05 (14)

Ttr, 6, p) = Zjo Pu(u)

where
Lu(q, 7, b) = ta(grma’(gh) — malgr)in’(gb)  (16)
Ma(g, b,1) = ta(gb)malgr) — in(qr(ma(gh) an
Nu(g, a,b) = ta(9@)ma’(gh) — in(g@)ma’(qa)  (18)
A = HSkq/(H + Sp) (19)
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The temperature T'(r, 6, £) can (in theory) be obtained from
the inversion integral

i

1 +io
T, 6,0 = 5 [ e, 0, p)dp 20)

provided that a real number vy can be found such that v is
greater than the real part of all the singularities of the inte-
grand. The inversion integral will be evaluated by first
finding the sum of the residues at the poles of the integrand
considering g, to be constant and then using the convolution
integral, viz.,

e g} = [ ot - netar @D

where Z(p) = £{z(t)} [see Eq. (7)].
The poles of the integrand of (20), occur at those values
of ¢ for which

0{N.(g, a, b)) + AL.(g, b, a)} = 0 (22)

This is an eigenvalue equation that has the double array of
eigenvalues

q = Gny (23)

There are no poles of the integrand of (20), with T from
(15), at p = 0. Tt can be shown that for large |¢| and
—7/2 < (argq) < w/2 the eigenvalues occur approximately
at the roots of the equation

—H = ¢ tanhg(a — b) (24)

This equation has no roots for large positive values of the
real part of ¢, irrespective of the imaginary part of ¢; there-
fore, the contour of the inversion integral (20) can be found.
There are of course many roots (a single infinity of them)
of (24) for purely imaginary ¢q. One suspects that all the
roots may lie on the imaginary axis.

Although the transcendental eigenvalue ecquation (22)
cannot be solved explicitly, a formal inversion to find
T(r,0, t) can be made. First we assume that ¢, is a constant
so that

T(r, 60,0 = 5 3 2ke*™ Po(cosf)d, X

n=0 j=1
La(a, r, b) + AM.(a, b, 7)
R.(a, a, b)

where & = an,; and
Ru(a, a,b) = [(0/09){Nu(q, a, b) +
ALu(g, b, @)} lima  (25)

The fully general solution when ¢, is a function of p can be
obtained from the convolution integral (21) to give

Tlr, 6,t) = > 3 2kP.( cosf) X
n=0i=1
L"(ay 7 b) + Aan(a, b, T) %
R.u(a, a, b)

[ explatk(c — ] gura™ 26)

The denominator B.(e, a, b) can be written in the alternative
form

N 4 o%?

R.(a,a,b) = < — >{Ln(a, a,b) + AM.(a, b, a)} +

HSE(BH + kSo? + bHS ka?) _ N + azbZ}

L.(e, b, a) { (H + kSa?)? a?h
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where Ay = {A}g=a.
using (13) and (26), i.e.,

T:(t) = glft exp[—gH(t — T)]T(b, 8, 7Ydr =

=2 2kH Lo(e, 8,8) (£t gt — 1)
nZO 121 Palu) R.(a,a,b) Jo o + H/S
(e*™" — ¢~ Hr/S\dr (27)

The eigenvalues of ¢, which are a,; = a = § + vy (where
6 and +y are real), are such that in general a?(= 82 — 42 +
2id7v) has a negative real part, and the important contribu-
tions to (26) will come from those roots for which §2 — 42 has
its largest positive value. An alternative method of obtain-
ing a more explicit but approximate solution is by expanding
T(r, 6, p) for large values of |p| and —n/2 < argg < n/2
and inverting the resulting expression term by term.z

The expansion for large values of |p| can be obtained from
the agsymptotic expansion of the Bessel functions? of (15):
Let

The value of T:() can now be found

X

Lu(g, 7, b) + AMa(g, b, 1) _
¢{N.(g, @, b) + AL.(g, b, a)}

then, for large |p| and —7 < (argp) <
. (g, 7) N%ew a>[1 + {W}Jr

2ar

1 1w
0 (q—z) o HeutD {1 + ~(—2H +

Nba — 2(N + 2)ar + (N + 2)br) }
N
2abr

Ny —
e—zq(a—b){l + = <M_H> . }] (28)

where N = n(n 4 1).
The interpretation of this transform yields

_ al [ B\V2 (a —1)2
= = ] () o= 257) +
(a +r — 2b)? (Ba — 2b — r)?
exp<-———4kt > + eXp<_——74kt >}+

RS LRI E S

Ea (g, 7) = {5 ¢, 1}

2ar 2(kt) V2
Nbag + (N + 2)r(d — 2a)} b x

2abr
>+.H+{M;Nﬂ}kx

{2+

(a +r—2b
erfe

2 (ki)' 2ar

3a —r — 2b
erfe <_2—W—> . .:I (29)

This series converges rapidly for all except large values of
kt/r.
The fully general approximate solution (26) is then

TG, 6, ~ 3 [} 0att = DE G, IPul costhar 30)
n=10

It will be observed that this solution, (30), valid for small
values of , does not involve H the radiation constant in the
first-order terms. Thus for small values of time, the effect
of this radiation at the inner surface can be ignored; a deduc-
tion in accord with the physical nature of the problem.

Prescribed Temperature at the Inner Surface

Boundary Conditions

The applied heat flux Q.(6, f) satisfies (1) and (2) (supra)
fort>0,1e.,

[%;:La = i ¢ (f) Pa( cosf) (31)
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At the inner surface, the temperature is a prescribed func-
tion G'(8, t) of the time and #-wise coordinate. Again we
assume that it can be expanded in a series of Legendre poly-
nomials, i.e.,

T®,6,t) = GO, 8) = > galt)Pulp) (32)
n=0
The initial condition is

T(r, 6,0) = Ofora <r < b 0<6<2r (33)

Solution for the Temperature

The general solution (8) to the heat conduction equation
(6) is still appropriate, but boundary conditions (31-33)
must be applied. Thus, Eq. (11) is still valid, but the other
boundary condition (32) gives

gn(p) = Anin(gh) + Buma(gb) (34)

where
gn(p) = £{g(t)} (35)
The operator form of the solution is

i P,(cos) X

n=0
TnMa(g, b, 1) + qGalalg; T, a)}
36
{ (g, b, @) G0

in terms of the notation previously given [see (16~18)], or

T(r, 6,p) =

Z Po( o8O {GnF (g, 7) + GuFinlg, )} (37)

where
- M.(q, b,7)
Folgr) = 22920 1)
@) = Lig, b, a)
L.(g.7, 0) )
= _1lalg, 7, a
EB@n =70 0

The formal inversion of (37) proceeds as previously de-
seribed in that the eigenvalues are the roots B.; of the
equation

La(g, b, @) = ma'(qa)in(gh) — in'(ga)ma(gd) = 0 (39)

Again, no eigenvalue can have an unbounded real part since,
for Iaro"e values of |¢| and —/2 < argg < 7/2, the eigen-
values must approximately satisfy

coshg(a — b) =
or to second order
2gab coth gla — &) = (N + 2)b — Na (40)

The operators F.(q, r) and E.(q, r) are inverted separately
and the convolution integral (21) (i.e., Duhamel’s theorem)
is used to obtain the temperature, i.e.,

T, 0,0 = % 3 Pulcost) [ {galt = DEB, ) +

Gt — T)F (B, r)}eS%7dr  (41)

where
_ Lﬂ(ﬁr T’ U/) _ MH(B) b7 7')
BB = ety s = TR @)
and
H@)—ﬁ{(+@gmmww

bN.(B, a, b)} 43)
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Note that E.(g, r) [F.(g, 7)] is not the Laplace transform of
Eo(8,7) [Fa(8,m))-

In these formulas (41-43), 8 is used to refer to a particular
eigenvalue ¢ = (. 5 satisfying (39); the temperature (41)
involves a sum over all these eigenvalues (7 = 1,2 ...,
n=0,1,...). Inan earlier paper, Warren! gives a solution
to this problem. The present method has computational
advantages over Warren’s solution, particularly in the
neighborhood of the inner boundary r = b and for small
times. Indeed Warren’s approach converges nonuniformly
near the inner boundary r» = b and takes the value zero at
that boundary rather than the nonhomogeneous value of Eq.
(32).
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A Steepest-Ascent Solution of
Multiple-Are Optimization Problems

Roruryny G. Grauam™
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Nomenclature

n~dimensional vector of known functions of z, u, and ¢

gravitational acceleration

altitude

mass

range

thrust magnitude

independent variable, time

corner times

r-dimensional vector of steering functions

horizontal velocity

vertical velocity

n-dimensional vector of state variable histories

mass flow rate

A-dimensional vector of corrections to the corner times

s-dimensional vector of time invariant control variable
corrections

thrust angle

n-dimensional vector of Lagrange multipliers

performance index

g-dimensional vector of constraint functions, ¢ < n

T | O T 1 O O T

Dy P
[ |

HE problem of trajectory optimization has received a

great deal of attention in recent years. The problem,
as usually stated, involves the determination of one or more
steering functions, such as angle of attack or throttle setting,
such that some performance index is optimized, subject to
specified constraints. One of the most successful approaches
to this problem has been the so-called steepest-ascent or
gradient technique, developed by Bryson and Denham? 2 and
Kelley.? The problems that have been treated with this
approach, however, are actually special cases in that they
involve only one subarc. This note extends the steepest-
ascent technique for the simultaneous optimization of time
dependent functions and time invariant quantities, originally
mentioned by Denham,? to multiple-arc problems with the
associated unknown corner times.
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The technique mentioned in Ref. 2 is applicable to the class
of problems for which small variations in the constraint
functions and in the performance index are related to small
changes in the control variables (either time dependent or
invariant) in the following manner:

A = AZAz + ft“ NI, bu dt )
AQ = AZAz + ﬁ :“ Mo du di @)

In order to apply the technique of Ref. 2, the multiple-arc
problem must be expressed in the form of Egs. (1) and (2).

For general multiple-arc problems, the governing set of
differential equations for the state variables can be written
as follows:

J@ = @ — f@ (g, u,f) = 0
fortes <t<ty,a=1...4 (3)

A complete solution to the differential equations consists
of a number of segments. Each segment is referred to as a
subare, and the juncture of two subarcs is referred to as a
corner. The length and position of a subare are defined by
the corner times; in particular, the ath subarc begins at
to_; and ends at ¢,. It is assumed that either a priori knowl--
edge or some logical procedure is available to determine the
number of subares in the solution.

The superseript (@) notation in Eq. (3) is used because the
expressions governing the derivatives of the state variables
x are not necessarily continuous from one subarc to the next.
Discontinuities can result from a change in the algebraic form
of the derivatives, from a discontinuity in w, or from a dis-
continuity in some parameter in the system.

For the present, it is assumed that ¢ and all initial condi-
tions for the differential equations are given. The following
constraints must be satisfied at the terminal point ¢4:

Q= Qz@ta), t4]1 = 0 “)

Subject to the differential constraints (3) and the terminal
constraints (4) it is desired to optimize som performance
index:

performance index = o[z(t4), ta]

Because of the existence of corners, the standard relation-
ship between the adjoint system and the linearized form of
Eq. (3) is not directly applicable. An analogous result can
be derived, however, which does consider the existence of
corners and the associated discontinuities in the derivatives.
By predicting the effects of small changes in the corner times
on the terminal conditions, this analogous result permits a
logical correction procedure that will ultimately yield an
optimal multiple-arc solution.

Before proceeding with the derivation, one comment on
notation must be made. The derivative expressions f@ are
defined for ¢{ < t, but are not rigorously defined for ¢ = i,.
1t is assumed, however, that

lim f@(x, u, t) fort,; <t<t,

t—te
is well-behaved. Whenever it is indicated that f is evalu-
ated at £, it should be understood to mean the limit as ¢ ap-
proaches £..

The derivation of the desired relationship begins with the
formation of the following integral:

A
7= 21 ft ‘ N dt )

Small variations in z, «, and ¢, are now introduced, and only
first-order terms are retained:

A
AF = 3 ﬁ “ AT 8wt +

a=1

4-1
NI @ — Je) ] Af, + [NTT@], Aty =0 (6)
a=1



